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Abstract 

We examine charged static perfect fluid distributions with a dilaton field in the frame- 
work of general relativity. We consider the case that the Einstein equations reduce 
to a non-linear version of Poisson equation. We show that Maxwell equation and an 
equation for a dilaton imply the relation among the charge, mass and dilatonic charge 
densities. 

1 Introduction 

Recently, there has been much interest in the study of Majumdar-Papapetrou metrics ||, [|, discribing 
the static equilibrium state of extremely charged black holes. For the static Einstein-Maxwell equation 
with charged dust as the external source of the fields, one can reduce the electrovacuum field equations 
to the Poisson equation in the flat space ||, ||, ||. In such a system, one can show that the charge and 
mass densities are equal. 

In the low energy limit of string theory, the dilatonic forces as well as gravitational and electric forces 
are acting among charged matters as long-range forces. In this paper, we study the charged perfect 
fluid distributions which also couple to a dilaton field in static (N + 1) dimensional spacetimes. We find 
that field equations reduce to a non-linear type of Poisson equation and that Maxwell equation and an 
equation for a dilaton show the relation among the charge, mass and dilatonic charge densities. We also 
examine some simple exact solutions. 

The organization of this paper is as follows. In the next section, we will show the action and the 
assumptions on the charged perfect fluid distributions in the static (N + 1) dimensional spacetimes, 
which we consider in the present paper. We reduce the field equations to the non-linear version of 
Poisson equation in section 3. We find some simple solutions and discuss them in section 4. Finally, 
section 5 is devoted to conclusion and discussion. 



2 The model 

The action for the fields which mediate long-range forces is 



16tt 



I? 



N- 1 



-N-ri't'F 



(1) 



where N (N > 3) denotes the dimension of space, R is the scalar curvature and </> is the dilaton field. 
p2 _ F^F^ and denotes the Maxwell field strength. The dilaton coupling to the Maxwell term is 
governed by a constant a. The Newton constant is normalized to unity. 
Incorporating coupling to matter, we obtain our basic equations: 
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where G^y is the Einstein tensor. The energy momentum tensor for a perfect fluid is given by 

T^v = (p + p)u^Uv + pg^v, (5) 
where p is the energy density and u^ L is the four velocity. The electric current vector is defined as 

f = PeU\ (6) 

where p e is the charge density. We have introduced the dilatonic charge density pdu in the right hand 
side of the equation for a dilaton field. 



3 Deriving the non-linear version of Poisson equation 

We assume that the fluid is static and the metric of the static spacetime takes the form: 

ds 2 = -U~ 2 dt 2 + U^g^dx^x 3 , 
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where i,j = 1, . . . , N, and both the background metric g^j and U depend only on the space-like coordinates 

x\ 

The Ricci and Einstein tensor components derived from the metric (pi) are given by 
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where Vj denotes the N dimensional covariant derivative in terms of gij. Gy is constructed from g^. 

Here we should assume that there is only the electric field, namely Foi ^ and the others are set to 
be zero. Then we get 
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F 2 = -2U 2 - — g kl F ok F ol . 
In addition, we also put an assumption on the dilatonic field: 

e ~W^2<t> = U 2a , 

where a is a constant. 

Then the (00) component in the left hand side of Eq. (0) becomes 
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while the (ij) component in the left hand side of Eq. (H) is 
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Here we should suppose that U a+1 = V, then Eq. (fyl) is changed into 
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In order that the second term is canceled by the third one in the right hand side of Eq. (13), we adopt 
On the other hand, assuming Eq. ([14]), we can reduce Eq. fll2] ) to 
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In order to eliminate the first and second terms in the right hand side of Eq. ( |l5| ) , we take 
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Consequently, we reduce the left hand side of Eq. (0) to the following equations: 
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We should remember that 
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Finally, using Eqs. (||), @ and ( |l7| - |2C| ) , we reduce the field equations (g), (||) and (||) simply to the 
following equations: 

/V — 2 4- n 2 w+a 2 N 
V 2 y + 87T - t ^^+^(|Q+T7^P) =0 , (21) 
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Therefore, these equations represent the Einstein, Maxwell and dilaton equations. 
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Here we think about Eq. (|2J) for the dust case (p — 0). The action for particles, of which coordinates 
are denoted by can be written as: 
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where m a and e a stand for the mass and electric charges of the particles. Suppose that the distribution 
of these particles represents the matter densities. One can find that the dilatonic charge density is 
proportional to the charge density. Thus, we can recognize that the relationship between the charge 
density and the mass density is p e oc ±e~ N ~ 1 ^ p, because each electric charge e a is a constant. In the 
next section, we discuss the some explicit solutions of Eq. (^lj) . 



4 Exact solutions 

For the dust case (p = 0), we find some simple exact solutions of Eq. (^l]), which do not have the 
singularities. When spherical symmetry is assumed, the non-linear version of Poisson equation takes the 
following form: 
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If we put the following condition on the energy density: 
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we can find that the solution is 

At 1 

V(r) = B . (28) 

Here A and B are constants. 

We show that the energy density p for a certain value of total mass plotted against r for a 2 = 0, 
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a 2 = 1 and a 2 = N in Fig. 1(a) in the case of N = 3. In Fig. 1(b), 1 — U 2 is plotted against r 
for the same coupling constants. Here the energy density is matched to the one for the vacuum solution 
at r = 2. Fig. 2 is drawn with the same conditions of Fig. 1, except for N = 5 and Fig. 3 is also, except 
for N = 9. 



If we put another condition: 
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Here C and D are constants, and J v {z) is the Bessel function. If we choose N — 3 and a 2 — 0, then we 
can obtain the same results of Giirses H . 

We show that the energy density p for a certain value of total mass plotted against r for a 2 = 0, 
a 2 = 4^r, a 2 = 1 and a 2 = N in Fig. 4(a) in the case of N = 3. In Fig. 4(b), 1 — U 2 is plotted against r 
for the same coupling constants. Here the energy density is matched to the one for the vacuum solution 
at r = 2. Fig. 5 is drawn with the same conditions of Fig. 4, except for N = 5 and Fig. 6 is also, except 
for N = 9. 

Varela considered the case that Eq. (|2^) can be reduced to the sine-Gordon equation ||. Using the 
new radial coodinate r = J~_ 2 to rearrange Eq. (|2q) , we obtain: 
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then, Eq. (13 ll) reduces to the sine-Gordon equation 
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which has the solutions 
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where n is an arbitrary integer, F is an integration constant, and E is assumed to be positive. We 
consider only the case n — 0. If we choose the integration constant F for 
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then the spacetime corresponding to Eq. (|34|) and Eq. ([35|) becomes asmptotically flat [|| . 

We show that the energy density p for a certain value of total mass plotted against r for a 2 = 0, 
a 2 = 4^1, a 2 = 1 and a 2 = A in Fig. 7(a) in the case of N = 3. In Fig. 7(b), 1 - C/ 2 is plotted against r 
for the same coupling constants. 

Here, in these figures, we find that the energy density decreases as the coupling constant a 2 increases. 
We also find that the difference between the energy densities gets narrow for the various values of a 2 and 
the contrast (i.e., the difference between the energy density at r = and the one at r = 2) decreases as 
the dimension of space N increases. 



5 Conclusion and discussion 

In this paper, we have investigated charged static perfect fluid distributions with the dilaton field in 
the frame-work of general relativity. As shown in section 3, the Einstein equations have reduced to the 
non-linear version of Poisson equation, and the Maxwell equation and the equation for the dilaton have 
implied the relation among the charge, mass and dilatonic charged densities. For the dust case, one can 
find that the relationship between the charge density and the mass density is p e oc ±e N ~ 1<p p, because, 
for point particles, the dilaton does not couple to the electric charge but to the mass. 

In section 4, we have found simple exact solutions of Eq. ( pTl) corresponding to certain energy densities. 
We have found that the energy density decreases as the coupling constant a 2 increases. We have found 
that the energy density decreases as the coupling constant a 2 increases. We have found that the difference 
between the energy densities gets narrow for the various values of a 2 and the contrast (i.e., the difference 
between the energy density at r = and the one at r = 2) decreases as the dimension of space N 
increases. 

We have not yet dealt with Eq. (|2|) on the condition for p ^ 0. Recently, Ida found some exact 
charged solutions in this situation We will study the non-zero pressure case with a dilaton field in 
(N + 1) dimensions. Also we have not yet considered the case of N = 2, which we have only thought of 
the equilibrium between the dilatonic attractions and the electric repulsions. We must continue to make 
every effort to study these situations. 
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Figure 1: (a) the energy density p of Eq. (|27]) is plotted against r in the case of TV = 3. (b) 1 — U is 
plotted against r for the same coupling constants. Here the energy density is matched to the one for the 
vacuum solution at r = 2. The solid line corresponds to a 2 = 0, the dashed line corresponds to a 2 = 1/3, 
the dot-dashed line corresponds to a 2 = 1, the dotted line corresponds to a 2 = 3. 
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Figure 2: (a) the energy density p of Eq. ( |27| ) is plotted against r in the case of N = 5. (b) 1 — [/ is 
plotted against r for the same coupling constants. Here the energy density is matched to the one for the 
vacuum solution at r = 2. The solid line corresponds to a 2 = 0, the dashed line corresponds to a 2 = 2/5, 
the dot-dashed line corresponds to a 2 = 1, the dotted line corresponds to a 2 = 5. 
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Figure 3: (a) the energy density p of Eq. (|27]) is plotted against r in the case of N = 9. (b) 1 — U is 
plotted against r for the same coupling constants. Here the energy density is matched to the one for the 
vacuum solution at r = 2. The solid line corresponds to a 2 = 0, the dashed line corresponds to a 2 = 4/9, 
the dot-dashed line corresponds to a 2 = 1, the dotted line corresponds to a 2 = 9. 
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Figure 4: (a) the energy density p of Eq. ( |28| ) is plotted against r in the case of N = 3. (b) 1 — U 2 is 
plotted against r for the same coupling constants. Here the energy density is matched to the one for the 
vacuum solution at r = 2. The solid line corresponds to a 2 = 0, the dashed line corresponds to a 2 = 1/3, 
the dot-dashed line corresponds to a 2 = 1, the dotted line corresponds to a 2 = 3. 
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Figure 5: (a) the energy density p of Eq. Q2SJ) is plotted against r in the case of TV = 5. (b) 1 — U is 
plotted against r for the same coupling constants. Here the energy density is matched to the one for the 
vacuum solution at r = 2. The solid line corresponds to a 2 = 0, the dashed line corresponds to a 2 = 2/5, 
the dot-dashed line corresponds to a 2 = 1, the dotted line corresponds to a 2 = 5. 
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Figure 6: (a) the energy density p of Eq. (|29| ) is plotted against r in the case of N — 9. (b) 1 — U 2 is 
plotted against r for the same coupling constants. Here the energy density is matched to the one for the 
vacuum solution at r = 2. The solid line corresponds to a 2 = 0, the dashed line corresponds to a 2 = 4/9, 
the dot-dashed line corresponds to a 2 = 1, the dotted line corresponds to a 2 = 9. 
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Figure 7: (a) the energy density p of Eq. ( |32| ) is plotted against r in the case of TV — 3. (b) 1 — U 2 
is plotted against r for the same coupling constants. The solid line corresponds to a 2 = 0, the dashed 
line corresponds to a 2 = 1/3, the dot-dashed line corresponds to a 2 = 1, the dotted line corresponds to 
a 2 = 3. 
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